We study the formation and propagation of nonlinear stress waves in 3D woodpile elastic metamaterials consisting of vertically stacked slender cylindrical rods. We find the nonlinear waveforms transmitted through the woodpile architectures under impact are highly sensitive to their design parameters, particularly stacking distances and angles in 3D assemblies. We numerically and experimentally demonstrate that the woodpile system can localize, modulate, and ultimately attenuate propagating nonlinear waves in an efficient manner without relying on material damping. We also show the feasibility of constructing metamaterials with a simultaneous characteristic of high damping and high stiffness by using the controllable wave dispersion in the woodpile structures. These woodpile metamaterials offer enhanced degrees of freedom in manipulating stress waves, thereby offering a new way to design efficient impact protectors with high stiffness.
Introduction
In recent decades, discrete periodic structures with nonlinear inter-particle connection (e.g., granular crystals) have attracted significant attention due to their versatile and tunable wave propagation characteristics. In a linear regime, they exhibit frequency band structures with controllably allowable and/or forbidden bands, whose positions and widths depend on their material, geometry, and boundary conditions (Boechler et al., 2011a (Boechler et al., , 2011b Hladky-Hennion and de Billy, 2007; Hladky-Hennion et al., 2005; Herbold et al., 2009; Li et al., 2012; Yang and Daraio, 2012) . In a nonlinear regime, the simultaneously nonlinear and discrete systems provide ideal test-beds for supporting various types of nonlinear waves, such as solitary waves (Nesterenko, 1983 (Nesterenko, , 2001 Jayaprakash et al., 2011; Samsonov, 2001) , discrete breathers (Chong et al., 2013; James et al., 2013) , and nanoptera . Such interesting wave dynamics in nonlinear media can be exploited for various engineering applications, e.g., acoustic diodes (Boechler et al., 2011b) and switches (Li et al., 2014) , sensing and actuation devices (Yang et al., 2012a,b; Ni et al., 2012) , acoustic filters (Yang and Daraio, 2012) , and impact mitigation layers (Fraternali et al., 2009; Hong, 2005) , to list a few.
While a significant amount of studies have been performed on one-dimensional (1D) systems, wave dynamics in multi-dimensional discrete systems have not been thoroughly investigated.
Limited research has reported interesting physical phenomena in multi-dimensional nonlinear lattice structures owing to their simultaneous multiple contact interactions among constituents. For example, researchers reported that 2D granular crystals in square packing can alter wave-front properties depending on the mass and stiffness ratios of the constituents (Leonard and Daraio, 2012; Awasthi et al., 2012) . In the case of 2D hexagonal packing, propagating waves' energy density decays rapidly following a power law due to the wave dispersion through the particles' multiple contacts. The underlying mechanisms of wave propagation in these multi-dimensional structures also tend to be affected by the systems' disorder, such as variations of particles' sizes and masses Upadhyaya et al., 2014) .
Woodpile elastic metamaterials are a type of multi-dimensional discrete media composed of longitudinal elements (e.g., slender rods) stacked in a systematic architecture. They offer a variety of design parameters, such as rod spacing, layup angles and stacking sequences, which can affect the wave transmission behavior under external excitations. By leveraging such design flexibility, their optical counterpart called woodpile 'photonic' crystals have been extensively studied for selective filtering of propagating waves in an electromagnetic spectrum (Lin et al., 1998; Noda, 2000) . In the mechanical realm, Wu and Chen (2011) studied the frequency band gaps of acoustic waves propagating in air around rigid woodpile structures. Jiang et al. (2009) investigated underwater acoustic wave absorption by composite structures made of woodpile arrays of rigid cylinders, which are coated with soft polymer and embedded in a hard polymer matrix. While these studies addressed linear responses of woodpile structures, the formation and propagation of nonlinear waves in 3D woodpile structures have been largely unexplored.
In this study, we investigate how nonlinear stress waves propagate in 3D woodpile periodic structures under external impact. In particular, we systematically vary their assembling architectures with the focus on localizing, dispersing, and ultimately attenuating the transmitted impact. The authors' previous study has demonstrated that local vibration modes of constituent rods in quasi-1D woodpile structures can significantly affect the stress wave propagation, resulting in the formation of tunable frequency bandgaps in the linear regime (Kim and Yang, 2014) and the modulation of nonlinear waves in the nonlinear regime . The presence of nonlinear wave packets followed by extremely small oscillatory waves -called nanoptera -has also been demonstrated using this quasi-1D woodpile setup . In this study, we extend this 1D structure to a 3D one, specifically 2 Â 2 layups, in order to demonstrate its capability to propagate selected modes of nonlinear waves under impact. This allows the controllable transmission of nonlinear waves for efficient impact mitigation. We then show the woodpile architecture can exhibit a simultaneous characteristic of high damping and high stiffness, which is abnormal compared to the conventional high damping and low stiffness (or low damping and high stiffness) materials observed in nature. We investigate the wave dispersion, localization, and transmission mechanisms in the woodpile elastic metamaterials to elucidate this abnormal characteristic. The numerical simulations are conducted by using a simplified finite element model based on the analytical Hertzian law. The computational results are verified by the experiments using a variety of 3D woodpiles under different assembling architectures.
The rest of the paper is structured as follows: First, we describe the experimental setup in Section 2 and the numerical model of the woodpile structure in Section 3. We show the effects of local resonances on nonlinear wave modulation and propagation in Section 4.1. The characteristic of high damping and high stiffness architectures is numerically and experimentally described in Section 4.2. Lastly, in Section 5, we conclude the paper with summary and future work.
Experimental setup
The test setup is composed of three parts: a woodpile structure, a striker to excite the woodpile, and a sensor for measuring transmitted waves ( Fig. 1(a) ). The woodpile structure consists of cylindrical rods made of stainless steel (Type 304) with a diameter D = 4.76 mm, a length L = 101 mm, a density q = 7800 kg/m 3 , an elastic modulus Y = 200 GPa, and a Poisson's ratio v = 0.29. Fifteen layers of the rods are orthogonally stacked using a supporting enclosure (see Fig. 1(b) ), which holds the cylindrical elements in an ordered pattern by restricting their lateral motions. The assembled woodpile structure is positioned on a flat steel plate (90 Â 80 Â 5 mm), which is mounted on a piezoelectric force sensor (PCB 208-C04) that measures transmitted force through the architecture (see the inset of Fig. 1(a) ). We generate stress waves in the test article by dropping a sphere (chrome steel, diameter 19.05 mm) at the center of the woodpile structure from a height h = 200 mm. To apply impact in the center of the structure, we place a single rod on the top of the assembled woodpile ( Fig. 1(a) ). A small piezoelectric ceramic sensor (PZT, 5 mm Â 2.5 mm Â 0.25 mm) is attached to this rod at an 18 mm distance from the center to detect the moment of impact.
The stress wave generated in this nonlinear lattice structure has unique characteristics, such as compact waveforms, slow wave propagation speed, and its dependence on wave amplitude, which are unprecedented in linear elastic waves (Nesterenko, 2001 ). To visualize the propagation and evolution of the stress wave through the woodpile structure, we devise a tactic that allows for probing the force profiles at all layers' contact interfaces. Specifically, we alter the number of layers in the chain from one to fifteen, and in each configuration, we measure transmitted force histories using the force sensor positioned at the base. The collected signals are reconstructed by synchronizing them with respect to the impact moment recognized by the surface-bonded piezoelectric sensor mentioned above. This technique makes it possible to measure waveforms of the leading pulses, by leveraging shock-like characteristics of nonlinear waves. Their subsequent trailing waves, however, tend to be corrupted by the modified boundary conditions, which cause immature formation of reflected waves. Thus, we only use the incident (leading) portion of the transmitted waveforms in the time domain (i.e., trimming the reflected portion of signals) to investigate the propagation of impact. We conduct each test five times for statistical treatment of the measured data.
Numerical model
We simulate the wave propagation in the 3D woodpile structure using commercial finite element (FE) software (Abaqus/standard). FE modeling of the woodpile architecture with numerous nonlinear contacts requires highly refined meshes (Khatri et al., 2012) , resulting in a significant amount of computational time. In this study, we use a simplified FE method based on beam elements connected by nonlinear springs that model the mechanical contact among the cylindrical elements (Fig. 2) . The contact behavior between two orthogonally stacked cylindrical rods can be analytically expressed by the modified Hertzian contact law (Johnson, 1985; Puttock et al., 1969) 
, where F and d are the contact force and compressive approach between the two neighboring objects, respectively. The contact coefficient b is determined from the contact geometry and mechanical properties of the two objects. For the contact of identical cylinders, the contact coefficient b cc is defined as (Khatri et al., 2012) :
EðeÞ À KðeÞ ðEðeÞ À KðeÞÞ 1=4 ð1Þ
Here R c is the radius of the cylinders, KðeÞ and EðeÞ are the complete elliptical integrals of the first and second kinds, and e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À ðb=aÞ 2 q is the eccentricity of the elliptical contact area between the two cylinders. The ratio of the semi-major (a) and semi-minor axis (b) of contact area is
, and a is the contact angle between the two cylinders. When the contact angle a is 90 o , the mathematical expression for the contact stiffness is reduced to
2 ÞÞ. Similarly, the contact stiffness b cs between the spherical striker and the cylinder can be defined using a modified Hertzian contact law (Puttock et al., 1969) 
where R s is the radius of the sphere. We implement the Hertzian contact relationship into the FE model as shown in Fig. 2 . The red dots represent the nonlinear springs connecting the nodal points of the beam elements. The inset shows the boundary condition of the plate, mimicking the mounted interface with the force sensor. We do not consider the gravitational effect in this numerical simulation, because the static compression due to the gravity is orders of magnitude smaller than the dynamic force caused by the striker impact. By using this simplified model, we reduce the number of elements by $95% compared to the full-scale FE model. As a result, we obtain fast and accurate results of nonlinear wave propagation along the axial direction of the woodpile structure.
Experimental and numerical results

Effect of local resonance on nonlinear stress wave propagation
In this section, we investigate how the propagating patterns of nonlinear waves vary depending on the resonating characteristics of constitutive elements in the 3D woodpile structure. We consider 2 Â 2 symmetric woodpile structures with two different configurations in terms of rod spacing: 28 and 56 mm as shown in Fig. 3(a) and (d), respectively. The heights of these two configurations (i.e., the number of layers used) and the lengths of their constitutive elements are identical. In the surface maps of Fig. 3 , the vertical axis represents the layer number of the woodpile counted from the top to the bottom. That is, the layer number one and two represent a layer with the intermediary rod (which is a single rod directly impacted by the striker) and the uppermost layer of the 2 Â 2 woodpile structure, respectively. In the surface maps of Fig. 3 , we observe that the nonlinear stress waves start to exhibit robust waveforms after passing through these two transition layers.
According to the FE simulations in Fig. 3(b) , we observe a compact packet of nonlinear waves, when the rod spacing is 28 mm. If the spacing increases twice (i.e., 56 mm), the woodpile architecture generates highly scattered waveforms as shown in Fig. 3(e) . In particular, we witness sub-packets of disintegrated waveforms, showing evident behavior of wave modulation. The transmitted waveforms measured in experiments (Fig. 3(c) and (f)) agree qualitatively with those from the numerical simulations. The discrepancies witnessed are attributed to the modified boundary conditions, as well as the presence of damping effect in experiments (e.g., see the reduction of maximum force amplitude in Fig. 3(c) as opposed to the almost consistent force amplitude in Fig. 3(b) ).
By using a simple 1D woodpile setup, the authors' previous study has demonstrated that this modulation mechanism is attributed to the coupling between the local vibration modes of constituent rods and the propagating nonlinear waves . In the case of the 3D woodpile setup, we find that such modulation behavior can be more efficiently controlled by leveraging various stacking configurations. For example, the left panel of Fig. 4 shows four primary bending modes of the cylinders used in the 2 Â 2 setup in this study. When the spacing is 28 mm, the contact locations of the stacked cylinders are very close to the ''stationary'' nodal points of the 3rd bending mode (see black squares in Fig. 4) . As a result, this specific mode does not facilitate the outof-plane interactions among the cylinders under vertical stacking. This implies that the 3rd mode does not contribute to the propagation of nonlinear waves in the axial direction. However, if the spacing is 56 mm, the vertices of the 3rd bending mode correspond to the contact locations among the stacked rods. In this case, this specific bending mode contributes significantly to the coupling between the axial waves and the local resonances.
We can also explain the modulation effect in terms of energy. When the resonant motions of constitutive elements are triggered by the propagating nonlinear waves, a portion of energy carried by these wave packets is absorbed in each rod in the form of localized vibration energy. The captured energy is then released into the neighboring elements with a time delay, thereby forming modulated waveforms. This energy re-distribution mechanism is responsible for the attenuation of the modulated waves in Fig. 3(e) , in sharp contrast to the propagation of the compact-supported wave packets in Fig. 3(b) (compare the amplitude of the transmitted waves). It should be noted that the effect of the 1st mode does not appear in the presented results (Fig. 3(b) ). This is because the resonant frequency of the 1st bending mode (2.08 kHz based on FE results in Fig. 4) is too low to interact with the nonlinear stress waves. That is, given the setup tested in this study, the characteristic time of the nonlinear waves (e.g., $0.015 ms travel time between adjacent layers according to the surface maps in Fig. 3 ) is much shorter than the period of the 1st-mode local vibration of the cylinders ($0.5 ms). On the other hand, upper bending modes with extremely high frequencies would not couple with the nonlinear stress waves, either. This is not only due to the mismatch of a characteristic time with the nonlinear waves, but also partly because such high modes do not carry a significant amount of vibration energy. This also explains why we can neglect local vibrations of constitutive elements, when we consider the propagation of solitary waves in a chain of short cylinders (Khatri et al., 2012) .
Layup angle variations for achieving simultaneously high stiffness and high damping properties
We investigate the effect of stacking angles on the nonlinear wave propagation based on the 2 Â 2 woodpile structures with 28 mm spacing. A variety of stacking angles are considered: [90°, 80°, 70°, 60°, 53.5°, 50°, 40°] for numerical analysis and [90°, 80°, 70°, 60°, 54°, 49°, 42°] for experiments. The numerical simulation results show distinctive patterns of impact transmission in relation to the stacking angles (see Fig. 5(a) ). Note that the lowermost force profiles in these spatiotemporal maps correspond to the transmitted force felt by the wall. Due to the overlapping of the incident and reflected waveforms, the magnitude of this last force profile tends to be larger than the other ones. Based on the propagating patterns observed in these spatiotemporal maps, two parameters -propagating waves' speed and transmitted force magnitudeare extracted from this data for the further analysis. The extracted data are normalized with respect to the values obtained from the 90°stacking-angle case. Fig. 5(b) and (c) illustrate the numerical and experimental trends of wave speed and force magnitude as a function of layup angles, respectively. First, we observe that as the stacking angle increases, wave speed decreases accordingly. The experimental results (discrete squares with error bars) agree with the numerical calculations (circular dots connected by solid blue lines). This can be explained by the effect of contact stiffness on wave propagation. The contact stiffness between rods is expressed as
As the layup angle increases, the contact coefficient (b cc ) decreases (Eq. (1)), which results in the reduction of the contact stiffness.
Here the contact stiffness (
@F @d
) and the Hertzian contact coefficient (b cc ) should not be confused. It is reported that the contact stiffness enhancement in discrete media is in favor of increasing the speed of nonlinear waves; e.g., a speed (V) of solitary waves in a homogeneous spherical chain has a relationship of V $ b 1=6 F 1=6 (Coste et al., 1997) . In this woodpile structure, therefore, the speed of nonlinear wave packets decreases as the layup angle increases (Fig. 5(b) ). This is consistent with the trend observed in a 1D chain of short cylinders (black dashed line in Fig. 5(b) ) as reported by Khatri et al. (2012) . Now we discuss the relationship between the layup angle and the transmitted force magnitude. In Fig. 5(c) , we observe that the increase of the layup angle (i.e., the decrease of out-of-plane stiff- ness) induces the increase of the force magnitude transmitted through the woodpile structure. Usually, a low (high) damping characteristic is associated with a high (low) stiffness material (Gibson and Ashby, 1999) . The 1D cylindrical chain follows this pattern, as marked by black dashed lines in Fig. 5(c) . However, the trend that we observe from the woodpile structure is opposite to this (compare black dashed line and blue solid line with circular dot in Fig. 5(c) ); as we increase the stiffness, the structure exhibits higher structural damping, and vice versa. This can be again explained by the coupling mechanism between the propagating waves and the local resonant modes of the cylinders. The onset of specific local vibration modes in a rod depends on its boundary condition, which is, in turn, determined by the contact location. The right panel in Fig. 4 shows the contact location of the rods in a 2 Â 2 unit cell as a function of layup angle a (see the inset for the graphical illustration). Here l 1 and l 2 represent the distance of contact locations CL1 (CL3) and CL2 (CL4) from the rod center, respectively. They vary in terms of a as follows:
where d (=28 mm) is spacing between the two rods in each layer.
The contact locations are a function of the contact angle, and they are shown in red circles and blue stars in Fig. 4 for a = 53.5°and 40°, respectively. Fig. 4 illustrates that when the stacking angle decreases from 90°, all four vibration modes can be coupled together with the propagating waves due to the asymmetry of the contact positions in each rod. In Fig. 5(a) , the propagating waves at 90°, 80°and 70°l ayup angles show similar waveforms, because in these layup angles, the contact locations do not change much. When the layup angle becomes 53.5°, a modulated waveform starts to appear. This is because CL2 (CL4) in each rod coincides with the nodal point of the 1st bending mode (see Fig 4) . In this case, as explained previously, the 3rd mode becomes dominant, thereby inducing the modulation effect.
As the layup angle decreases, we observe that the propagating waves disperse further (Fig. 5) . This is because of the growing difference between l 1 and l 2 as shown in Fig. 4 , which results in the discrepancies of the propagating wave shapes between the two contact locations. Based on the numerical simulations, Fig. 6 shows the contact force profiles at CL1 (solid red curves) and CL2 (dashed blue curves) at the interface between the 14th and 15th layers. When the layup angle is 90°, all waves propagating through the four contact locations (CL1-CL4) are in phase. As the layup angle decreases, the time delay of the waves propagating through CL2 increases due to the enlarged distance of CL2 (i.e., l 2 ). When the layup angle becomes smaller than 53.5°, the time delay becomes more evident. This is due to the out-of-phase motion between CL1 (CL3) and CL2 (CL4) both in the 1st and 3rd vibration modes. It is notable that the transmitted waves through each contact location also disperse significantly as the layup angle decreases due to the coupling of multiple vibration modes. Consequently, the maximum total force transmitted through the woodpile at the 40°l ayup angle becomes 49.6% of that at the 90°layup angle as shown in Fig 5(b) .
The overall efficiency of structural damping in the 2 Â 2 woodpile structure is presented in Fig. 7 as a function of layup angles and structural stiffness. As discussed earlier, the increase of the layup angle results in the reduction of the structural stiffness in the out-of-plane direction. Here the structural stiffness is represented by the contact coefficient in the nonlinear Hertzian contact, which is analytically derived in Eq. (1). In Fig. 7 , as the layup angle decreases from 90°to 40°, the corresponding contact coefficient increases from 224.3 to 304.2 kN/mm 3/2 . The increase of the contact coefficient induces a decrease of the transmitted force, corresponding to the high stiffness and high damping characteristic of the assembled woodpile structure. For example, the numerical simulation results show that the maximum transmitted force decreases from 1450 to 719.2 N, when the contact coefficient increases from 224.3 to 304.2 kN/mm 3/2 . The experimental results also show a qualitatively similar trend as marked in Fig. 7 (see red squares with black dots with errorbars). The overall results demonstrate that the wave attenuation in this woodpile architecture stems from the manipulation of elastic waves through localization and dispersion mechanisms. This implies that the woodpile structure can efficiently attenuate waves solely by energy re-distribution processes in the temporal and spatial domains, while conserving the total amount of mechanical energy. This can be an important improvement over the conventional damping materials that often rely on dissipative damping mechanisms.
Conclusions
In this study, we numerically and experimentally investigate how nonlinear stress waves propagate in a 3D woodpile elastic metamaterial composed of slender cylindrical rods. We find the propagating nonlinear waves are strongly coupled with low frequency bending vibration modes of the constituent rods, eventually forming wave modulation and attenuation effects without relying on material damping. In this 3D architecture, the waveforms can be effectively manipulated by changing woodpile's design parameters, such as rod's spacing and the layup angle. It is interesting that as we alter the layup angle, we can tune the wave transmission properties of the assembled woodpile structures in a way that they exhibit a simultaneous high damping and high stiffness characteristic. This is achieved by leveraging the wave localization and dispersion effects in the woodpile architectures, offering a great possibility in developing a new type of elastic metamaterial with tailored stiffness and damping properties. Such metamaterials can be useful in composing advanced structures in aerospace, military, and civil applications for impact or blast mitigation. 
